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A.  Formulation

For a synchrotron radiation facility to get high spectfal
brilliance it is desirable to have a small emittance of the electron
beam in the storage ring. It is well known that the horizontal emittance

(the predominant emittance) of an electron beam in a storage ring is

given by
ar &
&= =X = £ éZ.<:2%‘
/Qx % P dipole
where
Q'? = 3832 x/0"%m 5 J= _é_. 5 Ox = rms beam width
me v
Jx = horizontal partition factor % / —L £,
Y
and

(554'”/ Wf/(%? +a?o/0)a;’+/67"?)ds

dyjpole
o, //3, 7~ = Courant-Snyder parameters

’)7, }7’ = dispersion functions
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(Hopefully the double useage of g and vy will not cause any confusion.)
3 v

It is not difficult to see that <> o 22 for each dipole with

dipole
length ¢ or

& = —J-ffa"asF , —'33 e,

where 6 = 2/p is the bending angle of each dipole assumed identical, and
F is a numerical factor controlled by the lattice design.

For given energy (y) €y is reduced by reducing ebor F. Reducing
o is very effective but requires using a large number of short dipoles.
This has two undesirable side effects. First, the cost is higher for
larger number of shorter magnets. Second, such an afrangement tends to
take up more circumferential space and together with the long straight
sections desired for the special insertions, will lead to a larger ring
which will further increase the cost. Thus, the decision on 6 is largely
a social/political/economical one, and will not be further discﬁssed here.
Séientifica]]y, however, one can ask the question that once 6 is chosen
what type of lattice will give the lowest F. This question we will now
address.
B. FODO Lattice |

The FODO lattice is far from optimal, but is used here to illustrate
the computational procedure and to provide a point'for comparison. ‘As shown
in the diagram we shall use the thin-lens approximate values for the orbit

and the dispersion functions at the quadrupoles.
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As a good approximation we shall neglect the very weak centrifugal

-

=

focusing in the dipole. The functions in the first half of the dipole

are then

R
7= 7es

Q(_-: q{‘—);:s / )Z/
; . =Yr
7 -7 4
This gives
%—'-‘2’7’?”?«774-/67”?

R AT AR "ORY A7 BRI

= 9;7,;?1'0?0(,4: ?;: ?;T/éF .,/:'a = consiant’

For a FODO cell with phase advance n we have
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L4+X _J 22 4 J =X /
xRS s

Te=% 'Z*'L 2% 7}:-"" "'['7';""'2‘)‘9

where x = sin(ny/2). This gives

G = | G (F 78 2 A (2]

I 2:2 2
[ ) [, L\R
)61/7/_—-14;((% »3) 5‘%

L J1=X 11 -
=% /+x(’* X.“.'”f?&

For the second half of the dipole a similar procedure starting with

variables with subscript D gives

_ 1 /X (_L_,L‘?
-4 T % x

. = 4 .&
)= X = Sin

Averaging between these two halves we get finally

| #-3x* 4 ]  S#3Cesp g4
FZ23 /5@ 4 ~Zsmpe /- Cospe Z




TM-1269
-5-

For commonly used values of the phase advance u we have

u = 90° F=2.50%
p=72° F= 4.51%
_ o _ L
w=60° F=7.51L%

We shall see below that even for L/2 = 1 these values of F are rather
1arge. This is expected because the FODO lattice is not optimized at
all for this purpose.
C. Minimizing F

Again, we neglect the centrifugal focusing in a dipo]é and
‘approximate both g and n as quadratic functions of s. It is clear that
F is minimum when n = 0 and g = 8. = minimum at the'midpoint (s = 0) of

0
the dipole. In this case

- 2 -5 =L
/3-— °+/60) x Lo ° 7 Lo

and

P e = / (4;8, % /@f* +/50f"" 7 f"*)ds

/3 o s 7
/sz-fz (_Z +30}§Z

B
The expression in the parenthesis is a minimum when 7§-= g% . This gives



TM-1269

hun __ _ "Absolute minimum
F = 0.0323 “but.useless" J

f//?

This case is, however, rather unrealistic. Such a dispersion function

will not produce a lattice which is appropriate for accommodating insertions.
For this we want n = n' = 0 at one end of the dipole so as to produce a
dispersion-free long straight section. We assume a totally general g-function

which has a minimum of g  at s =s_ $ 0. In this case

(s-S, o S-S, _ L
G aE A

- 3 o o?s
<%> /é@ 4992 - _5_’/_3_;{‘_0;& + (/5?10:-79—!‘%2 As

The expression in the round parentheses has the minimum value of 3%5 at

S
7? =-% and the whole expression is a minimum when

4
IR 4L Ro / 3%0

This gives
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Even, for this case, the optimal condition of 2 -8 is not too easy to

obtain.

To make it even more realistic let us consider the symmetric

achromatic bend connecting two dispersion-free straight sections shown

I

below.

~——— 7}=3/=0
d/'/)ﬂle

The focusing quadrupole in the middle has strength K and we have assumed
an edge focusing k at the end of the dipole. The dispersion function to

the Teft of K is given by
L, Lp 0% ‘_._4 g L2
7= 2 +4( é——), °Z/“‘f 2’7€f,

The transfer matrix from So to 2+L is
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(. 0 )(/ £-s) (/Zé’é 4*(/%4)/2-5»))

1+ £(l-5,)

Hence the orbit functions to the left of Kv are

8= (R ) o # [ # 80 )(-2)] %
o= %[/féé)/é’a +//-f76¢-:,2] [4 +0ﬁ€6)(l—s,2] /Z/;

The matching conditions at K are

K?Z‘:-—a?’]/ and K/e = Rof

or, by eliminating.k, 8n' = -an. This gives

](07%4) /8 q+[ as f/*ﬁ%)//—sg)/ f (/+ 7#2)
1( AC#RL)4s +/7¢4//-say[ £+ (k) Y- sa)jj [A@M +Z 44)

or

/8"2 /f/{(, "L['S")( -

S
For reasonab]e values of k this requ1res 'Eg > ; or

i _ — p. "useful and
F>F 3 --.3)/70— = 0./68% realistic"
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It is important to note that this realistic case gives an F3 which is
only about 1.6 times larger than the unrealistic minimum value Fg1n AT
these F values are about two orders of magnitude smaller than those of the
corresponding FODQ cells.
D. The SRRC Lattice

For the TLS we have

vy = 1958 (1 GeV) Jx = 1.045
= -3, =T
Cq 3.832x10° e 5
Sy = 0.78 m By = 0.32 m 2 =1.45m
This gives

4S8, L ysR 3 S _
F=3 Z"’E(Zg 424‘-’-@0)] 0. 4M278

and

3.832x70"" w
&= F x 1958% (—g]xa IR 78

= 2.8 /a—jm

The point is that the F value of 0.1278 is larger than the theoretical
minimum ngﬂf = 0}1054 by‘only about 20%. It is, therefore safe to state
that unless one increases the number of dipoles as was done for the LBL-ALS
the design emittance of TLS is very nearly the best possible.
To summarize, the present>TLS'design gives an emittance which is
4 x "Theofetica] minimum but useless".
2 x "Useful minimum but difficult”.

1.2 x “Useful and realistic minimum".
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The approximation used in TM-1269 of taking both the horizontal 8
and n in a dipole as quadratic functions of s is good for bending angles
much smaller than unity. For the TLS the bending angle of n/6 is too large
for this to be a quantitatively good approximation, although all qualitative
conclusions remain valid. We derive here the exact formulas which apply to
large bending angfés.

Again we take s=o to be the end of ‘the dipole where n=n'=0,and s=s, to be

= 0 and Yo =-J—.

the location where g8 has the minimum value BO’ and where a 3
o

(4]
The transfer matrix from So to s is then

3575% fyfién S
f

= ' ]
M ._.._/.5,- S-3So Cox S8 ()

P 12 ,

and the exact betatron functions are

f

2 = ‘ﬁg 51'/7‘25.:;-9 _/..__L &53__5_:_5_‘3

A Y S

g - (f"—/—;%) sin S cos S22 _ (2)
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The exact dispersion functions are

N=p (/- Cos)

/=9

(3)

Substituting these we get
7% = F s aeepyopy)
= ,ﬁ./.(ﬁ.o

ol
Y/ dié?- 2. C?-'CQBSLF§;>

""’02[—-—-*"')510 ?Eé‘as S=de Sm-—-—(/ Ca:y)

4[_‘& _Eg - dar'?’ss° Sin?=- (4)
) 2

From this we obtain, after some ca]culat1on

?L<%>”PLZL %ds = /*eﬁ(}"zﬂ-gmfé)

F /50)/ 5”‘”" i(/‘é&‘%

2 5in So JéZ\xb _zL_S} 44 So
,axfcaf ngf

= (1) fe e 1D
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=)L, £
/4 % lﬂ‘-a-
—_ _/
B ——Z-Z/(aasaz;b- -4 @93——--1-3)5,/72 (6)

- (SmpZ-—- —4 sm £ *a ‘Z) Cos o? ]
To minimize %-<i4> or the emittance

Cp .
€ =3;-‘E/"a ;,!‘@'5) with &

=3.832x/0"%y, (7)

%

we must have

A
o _ ,4-353
(%/% ~ Y448 )

which gives

or
_ ac,
6;”'»” = ‘-\7—;1&2’ /Aa?_.gﬂ?/ . (10)

Thus with given 2 and o one must adjust So to minimize AZ-BZ. For this we

need



d 2 _ 4B
a‘?’s‘;[/’ B%) =-a8 il (11)

It is easy to show that B=o does not lead to physically reasonable solutions,

dB .
and ds = 0 gives

£ A
o -4(&95 + 3
L 2 - s £ : (12)
(Jo/zmé -5:"’10712! - H 52 %7‘43‘5{

For small g-and 7§-this gives

~ So v 32 L
KP = p@{?j* =Jp (13)
or
[y A 14
(5 )me €54, ()
agreeing with the approximate result given in TM-1269. For §-= %—and
= 2.769 m as in the TLS Eqs. (12), (8) and (10) give
Cso),,,,-,,e = 0543 m = 0. 3744 4

Epin = 7/ 34 x /0“?% ( assuming ’C/;”%,Z) ]
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These values of 5o and B, will, however, lead to unrealistically high
values of B on either side of the dipole. In the TLS design we compromised

by going to higher values of By and So and settled for an emittance about

twice €min®

Frequently one has to calculate s, and B, from the values By (at s=o0)

and B, (at s=2). For this we have
= Be gy "”5?" , L 5,05
Vg /30 F

/o
2 é “325‘; ,)2_43_{0
7 f“' Pt

or, after solving for By and So

/%uc—-/c'é?

< whe‘re 5- a2£ +Cas-’€—/v./_‘iﬁ.
on

n 25l _ S !
f ﬂSf/)...é __J_'j_éq_
\ i fo P

For the TLS design values we have

/3'-::: 3120 m /34 =/ 2/ M,

This gives through Egs. (17)

o= 0TI ™, f= 2:3/€) 7
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(16)

(17)

(18)

(19)
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and through Egs. (5), (6), and (7)

’/EL <%> = y‘ﬁ’j?éf% and é'-.:,;;?/x/p—oa?n . (20)

This emittance agrees with that given by the computer program.



